
JOURNAL OF
SOUND AND
VIBRATION

www.elsevier.com/locate/jsvi

Journal of Sound and Vibration 268 (2003) 627–631

Letter to the Editor

Condition of chaotic vibration in a centrifugal governor

Q. Zhu*, M. Ishitobi, S. Nagano

Department of Mechanical Engineering and Materials Science, Faculty of Engineering, Kumamoto University, 2-39-1

Kurokami, Kumamoto 860-8555, Japan

Received 13 November 2002; accepted 24 February 2003

1. Introduction

The centrifugal governor may be the earliest controller used to adjust the speed of rotating
machinery. Since the simplicity in its structure, the centrifugal governor is used in turbine engine
or other machines until now. Recently, it has been found that chaotic motion may appear when its
rotational speed undergoes a harmonic variation which may be caused as the load of the machine
changes [1]. In this note, the condition for chaotic vibration of a one-degree-of-freedom simplified
governor model is derived with Melnikov function. The results may be useful in design of the
centrifugal governor.

2. Equation of motion

The centrifugal governor studied is shown in Fig. 1. When the friction and masses of the collar
and of the rods are neglected, the motion of the governor is described by the differential equation

mR2 .y ¼
mR2O2

2
sin 2y� c’y� mgR sin y: ð1Þ

It is assumed that the centrifugal governor rotates at a constant speed W and undergoes a
variation with a harmonic term e cosot; thus the rotating speed of the governor is expressed as

O ¼ W ð1þ e cosotÞ; ð2Þ

where e is the disturbance coefficient.
By defining y ¼ x and ’x ¼ y; Eq. (1) is written as

’x ¼ y;

’y ¼
W 2

2
sin 2x � dy �

g

R
sin x þ eW 2 sin 2x cosot;

8<
: ð3Þ

ARTICLE IN PRESS

*Corresponding author. Fax: +81-96-342-3729.

E-mail address: zhu@kumamoto-u.ac.jp (Q. Zhu).

0022-460X/03/$ - see front matter r 2003 Elsevier Ltd. All rights reserved.

doi:10.1016/S0022-460X(03)00261-X



where d ¼ c=mR2: For simplicity, the term e2 is ignored and

O2CW 2ð1þ 2e cosotÞ: ð4Þ

3. Homoclinic orbit and conditions for chaotic motion

Consider the system

’x ¼
@H

@x
ðx; yÞ þ eg1ðx; y;f; eÞ;

’y ¼
@H

@y
ðx; yÞ þ eg2ðx; y;f; eÞ;

’f ¼ o; ð5Þ

where H is Hamiltonian and

giðx; y;f; eÞ ¼ giðx; y;fþ 2p; eÞ:

For the system described in Eq. (5), Melnikov function is expressed as [2]

MðW ;o; d;R; eÞ ¼
Z

N

�N

@Hðq0ðt;W ;RÞÞ
@x

g1 q0ðt;W ;RÞ;ot þ
p
2
; d; e

� ��

þ
@Hðq0ðt;W ;RÞÞ

@y
g2 q0ðt;W ;RÞ;ot þ

p
2
; d; e

� ��
dt: ð6Þ

To obtain condition of the parameters of the centrifugal governor for chaotic vibration, the
expression of Homoclinic orbit q0ðtÞ is derived first, then it is taken into the right hand of Eq. (6).
Thus the condition will be obtained by MðW ;o; d;R; eÞ ¼ 0:
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Fig. 1. Model of a centrifugal governor (m: mass of the fly-ball, R: length of the rod, c: constant viscous damping

coefficient of the rod bearing).
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When d ¼ 0 and e ¼ 0 in Eq. (3), Taylor’s expansion gives

’x ¼ y;

’y ¼ W 2 �
g

R

� �
x �

2W 2

3
�

g

6R

	 

x3 þ Oðx4Þ: ð7Þ

Then the motion equation of the system is approximated as

.x ¼ ax � bx3; ð8Þ

where

a ¼
RW 2 � g

R
; b ¼

4RW 2 � g

6R
: ð9Þ

Multiplying both sides of Eq. (8) by ’x and making integration gives

1

2
ð ’xÞ2 ¼

a
2

x2 �
b
4

x4 þ C; ð10Þ

where C is integration constant.
Let C ¼ 0; from Eq. (10)

dx

dt
¼ 7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ax2 �

b
2

x4

r
: ð11Þ

The Homoclinic orbit is given by solving Eq. (11):

q0ðt;W ;RÞ ¼
x0ðtÞ ¼ 7

ffiffiffiffiffi
2a
b

r
sechð

ffiffiffi
a

p
tÞ;

y0ðtÞ ¼ 8a
ffiffiffi
2

b

r
sechð

ffiffiffiffi
at

p
Þtanhð

ffiffiffi
a

p
tÞ:

8>>><
>>>:

ð12Þ

Comparing Eq. (3) with Eq. (5), one obtains

@H

@x
ðx; yÞ ¼ y; g1ðx; y;f; eÞ ¼ 0;

@H

@y
ðx; yÞ ¼

W 2

2
sin 2x �

g

R
sin x; g2ðx; y;f; eÞ ¼ eW 2 sin 2x cosot � dy:
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Then the Melnikov function expressed in Eq. (6) becomes

Mðt0;f0Þ ¼
Z

N

�N

�
2eda2

b
sech2ð

ffiffiffiffi
at

p
Þtanh2ð

ffiffiffiffi
at

p
Þ

	 

dt

�
Z

N

�N

ffiffiffiffiffiffiffi
2a2

b

s
W 2sechð

ffiffiffiffi
at

p
Þtanhð

ffiffiffiffi
at

p
Þsin 2

ffiffiffiffiffi
2a
b

s
sechð

ffiffiffiffi
at

p
Þ

 !2
4

cosot cosðot0 þ f0Þ

3
5 dt

þ
Z

N

�N

ffiffiffiffiffiffiffi
2a2

b

s
W 2sechð

ffiffiffiffi
at

p
Þtanhð

ffiffiffiffi
at

p
Þsin 2

ffiffiffiffiffi
2a
b

s
sechð

ffiffiffiffi
at

p
Þ

 !2
4

sinot sinðot0 þ f0Þ

3
5 dt

D �
4eda

ffiffiffi
a

p
3b

þ
2p
b

AW 2o2 exp �
pBo

2
ffiffiffi
a

p
 !

sinðot0 þ f0Þ; ð13Þ

where A ¼ 1:1500457570:00746936 and B ¼ 1:2171550970:00288709 which are generated in the
integration.
Hence, letting sinðot0 þ f0Þ ¼ 1 and Mðt0;f0Þ ¼ 0; yields the condition for chaotic vibration of

the system

dp
3peAW 2o2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðW 2 � g=RÞ3

q exp �
pBo

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W 2 � g=R

p
 !

: ð14Þ

Fig. 2 shows the critical damping values when e ¼ 0:5; g ¼ 9:81 m=s2; R ¼ 0:85 m;
1pop50 ðrad=sÞ and 4pWp50 ðrad=sÞ for example. If the value of the damping coefficient d
is beneath the surface, the response of the centrifugal governor could be chaotic. One of the results
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Fig. 2. Critical surface of damping coefficient d for chaotic responses.
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of numerical simulation is shown in Fig. 3. The damping coefficient is d ¼ 0:001 which is under
the surface in Fig. 2. Since the computed dominant Lyapunov exponent [3,4] of the time history in
Fig. 3a is 2.29, the response of the system is chaotic.

4. Concluding remarks

In this shot note, the condition for chaotic response in a centrifugal governor was derived
analytically by applying Melnikov function. The simplification was made in order to obtain
Eq. (8) which is used in computation of the Homoclinic orbit. Thus there exists error in the
derived condition. However, the analytical condition is still useful since it gives a guideline for
parameter selection in design of the governor. If more accurate expression of the condition is
needed, the same procedure can be used with higher order approximation of the motion equation.
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Fig. 3. Chaotic vibration of the fly-ball governor (e ¼ 0:5; g ¼ 9:81 m=s2; R ¼ 0:85 m;o ¼ 1:32 rad=s; W ¼ 4:4 rad=s;
d ¼ 0:001; initial condition: y0 ¼ 0:01 rad, ’y0 ¼ 0 rad=s): (a) time history of yðtÞ; (b) the corresponding phase-plane

motion.
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